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Introduction
Efficient four-wave mixing (FWM) processes enhanced by atomic coherence in multilevel atomic systems [1] [2] [3] [4] are of great current interest. Recently, destructive and constructive interferences in a two-level atomic system [5] and competition via atomic coherence in a four-level atomic system [6] with two coexisting FWM processes were studied. Also, the interactions of doubly dressed states and the corresponding effects of atomic systems have attracted many researchers in recent years [7, 8] . The interaction of double-dark state and splitting of a dark state in a four-level atomic system were studied theoretically in an electromagnetically induced transparency (EIT) system by Lukin et al. [7] . The triple-peak absorption spectrum, which was observed later in the N-type cold atomic system by Zhu et al., verified the existence of the secondarily dressed states [8] . Recently, we had theoretically investigated three types of doubly dressed schemes in a five-level atomic system [9] and observed three-peak Autler-Townes (AT) splitting of the secondary dressing FWM signal [10] . In addition, we reported the evolution of suppression and enhancement of FWM signal by controlling an additional laser field [11] .
As two or more laser beams pass through an atomic medium, the cross-phase modulation (XPM), as well as modified self-phase modulation (SPM), can potentially affect the propagation and spatial patterns of the incident laser beams. Laser beam self-focusing [12] and pattern formation [13] have been extensively investigated with two laser beams propagating in atomic vapors. Recently, we have observed spatial shift [14] and spatial splitting [15] [16] [17] of the FWM beams generated in multi-level atomic systems, which can be well controlled by additional dressing laser beams via XPM. Studies on such spatial shift and splitting of the laser beams can be very useful in understanding the formation and interactions of spatial solitons [16] in the Kerr nonlinear systems and signal processing applications, such as spatial image storage [18] , entangled spatial images [19] , soliton pair generation [20] , and influences of higher-order (such as fifth-order) nonlinearities [21] .
In this paper, we first report our experimental studies of the interaction of four coexisting FWM processes in a two-level atomic system by blocking different laser beams. Next, we investigate the various suppression/enhancement of the degenerate-FWM (DFWM) signals and two dispersion centers, which are caused by the cascade dressing interaction of two dressing fields. The experimental results clearly show the evolutions of the enhancement and suppression, from pure enhancement to partial enhancement/suppression, then to pure suppression, further to partial enhancement/suppression, and finally to enhancement, which are in good agreement with the theoretical calculations. In addition, we also observe the spatial splitting in the x and y directions of DFWM signal due to different spatially alignment of the probe and coupling beams.
Theoretical model and experimental scheme
The two relevant experimental systems are shown in Figs. 1(a) and 1(b). Three energy levels from sodium atom in heat pipe oven are involved in the experimental schemes. The pulse laser beams are aligned spatially as shown in Fig. 1(c) . In the Fig. 1(a E . This generates a DFWM process ( Fig. 1(a) ) satisfying the phase-matching condition of F1
G ) are applied as scanning fields connecting the transition from |0 to |1 with the same frequency detuning 2 Fig. 2 . In addition, the Doppler effect and the power broadening effect on the weak FWM signals need to be considered. In order to interpret the following experimental results, we perform the theoretical calculation on the four coexisting FWM processes. First, we consider four FWM processes to be or perturbed by corresponding laser beams. In two-level configuration, there exist the transition paths to generate FWM signals. They can be described by perturbation chains (F1) 3 11 ( )* ( ')* (0) (1) (2) (3) 00 10 00 10
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respectively. For the DFWM signal F1 E , in fact, this DFWM generation process can be viewed as a series of transitions: the first step is from |0 to |1 with absorption of a coupling photon 1 E , and the final state of this process can be dressed by the dressing field 2 E (or 2  E ). The second step is the transition from |1 to |0 and the final state cannot be dressed by any field. The third step is the transition from |0 to |1 with the emission of a probe photon 3 E , and the final state of this process can be dressed by 2 E (or 2  E ). Then, the last transition is from |1 to |0, which emits a FWM photon at frequency 1  . Thus, we can obtain the dressed perturbation chain
. Similarly, we can obtain the other dressed perturbation chains as (DF2)
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respectively, where Fig. 2(a1) ], compared to the pure DFWM signal F1 Fig. 2(a1 ). theoretical plots corresponding to the experimental parameters of (a1) and (b1), respectively.
These effects can be explained effectively by the dressed-state picture. The dressing field 2  E couples the transition |0 to |1 and creates the dressed states 2 | G , which leads to single-photon transition | 0 |1   off-resonance [the inserted plot in Fig. 2(a1) Fig. 2(a1) shows. At the same time, the FWM signal 3 F E experiences similar process [the right triangle points in Fig. 2(a1) ].
Furthermore, an appropriate 1  value at which F1 E is either enhanced or suppressed is chosen in the investigation. In this case, compared to the pure DFWM signal F1 E [square points in Fig. 2(b1) ], the dressed DFWM signal F1 E is enhanced [the upper and low triangle points in Fig. 2(b1) ]. However, the dressed FWM signal 3 F E is suppressed due to the destructive interference [right triangle points in Fig. 2(b1) ] compared to the pure signal [left triangle points in Fig. 2(b1) ]. The upper triangle in Fig. 2(b1) After that, we investigate the evolutions of the interaction between these two coexisting FWM signals by the means of setting different frequency detuning 1  values, where the fixed spectra corresponds to the suppression and enhancement of DFWM signal F1 E , and the shifting spectra corresponds to the FWM signal 3 Figs. 3(a1)-3(a3) that, as the frequency detuning 1  varies from 1 0  to zero from up to down, the DFWM signal F1 E shows the evolution from enhancement to partial enhancement/suppression, and then to suppression. At the same time, the FWM signal E is strongly enhanced [ Fig. 3(a1) ], mainly due to the one-photon resonance ( Fig. 2(b1) ]. As 1 0  , the intensity of the DFWM signal F1 E is greatly suppressed [ Fig. 3(a3) ], similar to the case of the upper triangle curves in Fig. 2(a1) . Also, we can observe the FWM signal 3 F E is suppressed due to the destructive interference. In addition, Figs. 3(b1)-3(b7) E shows a spectrum of the AT splitting due to self-dressed effect [10] induced by beam 1  k when 1  is scanned and the dressing field 2  E is off, as shown in the dashed curve of Fig. 4(a) . When the beam 2  k is on, the DFWM signal F1 E is dressed by both 1  E and 2  E , and therefore shows the cascade dressing interaction, as shown in Figs. 4(a) and 4(c). Specifically, by discretely choosing different detuning values within 1 0  and scanning 2  , the DFWM signal F1 E shows the evolution of the successively occurring pure enhancement, partial suppression/enhancement, pure suppression, partial enhancement/suppression and enhancement processes, as shown in the left side of Fig. 4(a) . When 1  changes to be positive, a symmetric process occurs, in the right side of Fig. 4 (a), which is well described by the theoretical curves [ Fig. 4(b) ].
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E as shown in Figs. 3(a1)-3(a7). It is obvious in
In order to explain this phenomenon, the dressed-state picture is adopted, as shown in Fig.  4(d) . First, the DFWM signal F1 E is dressed by both fields 2  E and 1  E . The corresponding expression of the modified density matrix element of DFWM  . As a result of this dressing scheme, the DFWM signal 1 F E is extremely small when 2 0 G  and 1  is set far away from the resonance point at both 1 0  and 1 0  , respectively. Another result is that the strong fields can cause resonant excitation of one of the dressed state (i.e., Fig. 4(d1) and Fig. 4(d9) , respectively], which can lead to the enhancement of FWM signals. Specifically, if the condition     between the two resonance points, the curve of Fig. 4(a5) shows a pair of suppressed peaks. In fact, they are induced by the outer dressing field  2 E which can largely weaken the suppression effect of the inner dressing field 1  E on DFWM signal. Furthermore, the other cascade dressing field 2  E splits such suppressed peak into a pair of suppressed peaks, as shown in the curve of Fig. 4(a5) . Figure 4(a) shows the various suppression/enhancement of the DFWM signal 1 F E and its two dispersion centers, which is caused by the cascade dressing interaction of the two dressing fields 1 E and 2  E . In addition, the spatial splitting in x-direction of the FWM signal beams induced by additional dressing laser beams is observed simultaneously as shown in Fig. 5(a) . It is observed that, the number of the splitting spots increases when the FWM intensity is suppressed. To understand these phenomena, we need to consider the cross-phase modulation (XPM) on the FWM signals. As described in our previous investigation [17] , the spatial splitting of the FWM beam can be controlled by the intensities of the involved laser beams, the cross-Kerr nonlinear therefore the splitting is weakened correspondingly, as shown in Fig. 5(a) , where the enhancement condition is located at 2 28.3GHz We repeated above the experiment with the same experimental conditions [the data points in Fig. 4(a) ], and obtained the results as shown in Fig. 6(a) . Comparing the results in Fig. 6 (a) with those in Fig. 4(a) , we can obtain the similar observations of suppression and enhancement of the DFWM signal F1 E , except the shapes of partial suppressions/ enhancement. For instance, the curve of Fig. 4(a2) shows first suppression, and next enhancement, is different from the curve of Fig. 6(a2) , which shows first enhancement, and next suppression. The reason for this contrast is the difference of levels structure.     ), as shown in the curve of Fig. 6(a2) . Simultaneously, we obtain the corresponding suppressions and enhancements of x direction spatial splitting of DFWM signal F1 E images, as shown in Fig. 6(c) . Here Figs. 6(c1)-6(c9) show the experimental spots corresponding to the curves in Figs. 6(a1)-6(a9).
Conclusion
In conclusion, we have experimentally observed the suppression and enhancement of the spatial FWM signal by the controlled cascade interaction of additional dressing fields, and the corresponding controlled spatial splitting of FWM signal caused by the enhanced cross-Kerr nonlinearity due to atomic coherence in two-and three-level atomic systems. In addition, we report the interplay between the two coexisting FWM signals, which can be tuned to overlap or 
